The tensor Dirac equation in Riemannian 

space 



N.G.Marchuk * 
February 7, 2008 



Steklov Mathematical Institute, Gubkina st.8, Moscow 117966, Russia; 
nmarchuk@mi.ras.ru; |http:/ /www. orc.ru/~nmarchuk 



PACS: 04.20. Cv, 04.62,+v, 11.15.-q, 12.10.-g 

Abstract 

We suggest a tensor equation on Riemannian manifolds which can 
be considered as a generalization of the Dirac equation for the electron. 
The tetrad formalism is not used. Also we suggest a new form of the 
tensor Dirac equation with a Spin(l,3) gauge symmetry in Minkowski 
space. 
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In this paper, following @,[|J, we consider the tensor Dirac equation (|16|) 
on Riemannian manifolds. Our approach leads to a new form of the tensor 
Dirac equation with a Spin(l,3) gauge symmetry in Minkowski space. 

The research was carried out while the author was visiting at Bath Uni- 
versity. The author is grateful to Professor D.Vassiliev, Dr. A.King, and Dr. 
F.Burstall for useful discussions and for hospitality. 



1 Differential forms on Riemannian mani- 
folds. 

Let M. be a four dimensional differentiable manifolds covered by a system 
of coordinates x M . Greek indices run over (0,1,2,3). Summation convention 
over repeating indices is assumed. We consider atlases on M. consisted of one 
chart. Suppose that there is a smooth twice covariant tensor field (a metric 
tensor) with components g^ v = g^ v {x), x G M. such that 

• g = det||^|| < for all x G M; 

• The signature of the matrix Wg^W is equal to —2. 

The matrix ||g^|| composed from contravariant components of the metric 
tensor is the inverse matrix to ||^||. The full set of {.M,*?^} is called an 
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elementary Riemannian manifolds (with one chart atlases) and is denoted by 
V. 

Let A k be the sets of exterior differential forms of rank k = 0,1, 2, 3, 4 on 
V (covariant antisymmetric tensor fields) and 

A = A © ... © A 4 = A cvcn © A odd , 

A even = A ^2 @ ^ A odd = A l A 3_ 

Elements of A are called (nonhomogeneous) differential forms and elements 
of A k are called k-forms or differential forms of rank k. The set of smooth 
scalar functions on V (invariants) is identified with the set of 0-forms A . A 
&;-form U G A k can be written as 

U = -jjU Ul .. Mk dx Ul A ... A dx Vk = u^.^dx^ 1 A...Adx^ k , (1) 

where u Vl __ Mk = u Vl ___ Vk {x) are real valued components of a covariant anti- 
symmetric (u ul _ Uk = u\ Vl __ M S) tensor field. Differential forms from A can be 
written as linear combinations of the 16 basis differential forms 

1, dx^, dx^ 1 A dx^ 2 , . . . , dx° A ... A dx 3 , \i\ < // 2 < (2) 

The exterior multiplication of differential forms is defined in the usual way. 
If U eA r ,Ve A s , then 

UAV = {-l) rs V AU G A r+S . 

In this paper we consider changes of coordinates with positive Jacobian and 
do not distinguish tensors and pseudotensors. 

Consider the Hodge star operator * : A k — > A 4_fc . If U G A k has the 
form (H), then 

*U = ^—-— ^e^ 4 u^ k dx^ A ... A dx^, 

where u^ 1 "'^ = g^ lV1 . . . g^ kVk u Ul ,, Mk , £ Ml ... M4 is the sign of the permutation 
(/ii . . . /X4), and £0123 = 1- It is easy to prove that for U G A k 

*(*[/) = (-l) k+1 U. 
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Further on we consider the bilinear operator Com : A 2 x A 2 -> A 2 such 
that 

Com ( ^a^^ cb m A dx^ 2 , -b VlV ^dx Vl A dx U2 ) = ^a^^ 2 b UlU2 (-g^ lUl dx^ 2 A dx' 
-g^dx" 1 A dx Ul + g^ V2 dx^ 2 A dx Ul + g^Hx^ 1 A dx U2 ) 

Evidently, Com(C/, V) = -Com(V,U). 

Now we define the Clifford multiplication of differential forms with the 
aid of the following formulas (see formulas for the space dimensions 2 and 3 
in @): 

Ofc k k k 

UV = VU=U A V=V A U, 

lk lk 1 k 

UV = U A V -*(U A*V), 

k 1 k 1 k 1 

UV = U AV+*(U A*V), 

UV = U AV+*{U A*y) + ~Com(l7,y), 

UV = *U A* V-*(U A*V), 

2 4 2 4 

t/y = *UA*V, 

UV = -*UA*V -*(*U AV), 

3 4 3 4 

£/V = *UA*V, 

4 2 4 2 

t/y = *ua*v, 

4 3 4 3 

E7V = -*UA*V, 

4 4 4 4 

C/V = -*UA*V, 

k 

where ranks of differential forms are denoted as JJ& A and k = 0,1, 2, 3, 4. 
From this definition we may obtain some properties of the Clifford multipli- 
cation of differential forms. 

1. UU,Ve A, then UV G A. 

2. The axioms of associativity and distributivity are satisfied for the Clifford 

multiplication. 



4 



3. dx»dx v = dx^ A dx u + g^, dx^dx v + dx u dx^ = 2g^ '. 

4. UU,Ve A 2 , then Com([/, 7) = UV - VU. 

Let us define the trace of a differential form as a linear operation Tr : 
A -> A such that 

Tr(l) = 1, Tr(rfx Ml A ... A dx^) = for fc = 1,2,3,4. 

The reader can easily prove that 

Tr(UV - VU) = 0, TriV^UV) =TrU, U, V e A. 

Let us define an involution * : A k — > A fe . By definition, put 

[/* = (-1)^U, U E A k . 

It is readily seen that 

u** = u, (uvy = v*u*, u, v e a. 

Now we can define the spinor group 

Spin v = {S e A cvcn : S*S = 1}. 



2 Tensors with values in A k . 

Let 

u ^ 1 '.'.'. l I k u 1 ...u 3 ( x ) = u [^':,,v k ]vi.,,v a ( x )> x eV 
be components of a tensor field of rank (r, k + s) antisymmetric with respect 
to the first k covariant indices. One may consider the following objects: 

U^-^ = ^vftr^u » dx* 1 A . . . A dx» k (3) 

which are formally written as A;-forms. Under a change of coordinates (x) — > 
(x) the values (§) transform as components of a tensor field of rank (r, s) 

U Pi.../3 s - Q/3i ■ • • W>Ai ■ ■ ■P\r U u 1 ...u s > 9/3 - ^-,3, £>A - ■ l 4 J 
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The objects (|3]) are called tensors of rank (r, s) with values in A . We write 
this as 

jjXl...Xr E A kjr 

^ V\...V S ^- s 

Elements of A°T r s are ordinary tensors of rank (r, s) on V. For G A k Tx 
we have 

dx"Up G A fc+1 © A k -\ 



3 The covariant derivatives V^. 

On Riemannian manifolds V the Christoffel symbols = T x UfJi (Levi- 

Chivita connectedness components) are defined with the aid of the metric 
tensor 

TV = 22 AK (<W + 9,9^ - d K g^). (5) 

Let us remind the definition of covariant derivatives V M acting on tensor 
fields on V by the following rules (d^ = d/dx^): 

1. If t = t(x), i 6 V is a scalar function (invariant), then 

v M t = <y . 

2. If t v is a vector field on V, then 

V„f = ^ = + T\ x t\ 

3. If t u is a co vector field on V, then 

4. If u = f = u^'"^ are tensor fields on V, then 

V M (w ® v) — (V M «) ® f + m ® V^v. 



With the aid of these rules it is easy to calculate covariant derivatives 
of arbitrary tensor fields. Also, it is easy to check the correctness of the 
following formulas: 

V^.a = 0, V,g» x = 0, = 0. 
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4 The Clifford derivatives T^. 

Let us define the Clifford derivatives T M (Upsilon), which act on tensors from 
AT r s by the following rules: 

1. If ttV.'.'.t r s i s a covariant tensor field on V of rank (r, s), then 

y y-ei-.-Cr p> j.ei...tr 

1 H L ui...u s u \i b v\...v s - 

3. If U, V G A and £/V is the Clifford product of differential forms, then 

T^UV) = (T^U)V + UT^V. 



With the aid of these rules it is easy to calculate how operators T M act 
on arbitrary tensor from AT^. 
If U G A fc , written as (0), then 

T^U = -Uv 1 ...v k ; fl dx vi A ... A dx Vk . (6) 

That means : A k — > A fc Ti. The formula ([]) indicate the connection 
between operators T M and V M . 

If t/^-fr G AT^ and r + s > 0, then the values Y u U%-f; are not the 
components of a tensor (when the curvature is nonzero). In what follows we 
do not use the Clifford derivatives T M as isolated operators acting on tensors 
from AT^, r + s > 0. But we use them as building blocks of operators, that 
map tensors to tensors. For example, if G A 2 T 1; then the expression 

T^-By — T U B^ — [B^ B u ] 

is a tensor from A 2 T2- 

Consider the change of coordinates (x) — > (x) 

where p%, are functions of x G V. Then the Clifford derivatives in 
coordinates x M related to the Clifford derivatives T u in coordinates by the 
formula 

T„ = pJT/. (7) 
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exact the same as formula for partial derivatives d v = p^d^, where d v = 



d v = The proof of this formula is followed from the transformation rule 
of Christoffel symbols. 

The main properties of the operators T M are listed below. 

1) T M ([/*) = (T^U)* for U e A. 

2) T^U) = *( T /^) for U G A. 

3) T M (Tr [/) = Tr(T„C/) for U e A. 

From the formula T^dx x = —Y x iiv dx v we get 

(T^Tj, - T U T p )dx x = -R x p , v dx^ (8) 

where 

R K \nu = c^r'VA — ^r^^A + r^r'i/A — r^r 77 ^ (9) 

is the rank (1,3) tensor, known as the curvature tensor (or Riemannian ten- 
sor). Consider the antisymmetric tensor from A 2 T2 such that 

CfM/ = —R a /3^i/dx a A dx^ . 
Theorem 1. For all U 6 A 

(r M r,-r,r M )f/ = i[c^,f/]. (10) 

The proof is by direct calculation. 

If U is invertible (w.r.t. Clifford multiplication) differential form from A, 
then the relation (1C) can be written as 

~C M „ = U-\ l -C, v )U - U-\T,T U - T U T,)U. (11) 

Let B p e A 2 T X be a tensor such that 

T^i?^ — T^-B^ — [Bp, B v ] = T^iw- (12) 



The existence of solutions of this equation must be investigated. 
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Theorem 2. IfB^ G A 2 Ti satisfy (^) and S e Spin v , then 5; = S^B^S- 
S~ 1 T fl S also satisfy (jTT 



Proof. It is easily shown that the formula (|l2|) is invariant under the follow- 
ing gauge transformation with Spin v symmetry group: 

Bp - B , li = S- x B (t S-S- 1 T fl 3, (13) 



where S G Spin v . Substituting U — S to the formula (|TT|), we obtain C' = 
C^. This completes the proof. 

Now we may connect our construction to the following linear system of 
differential equations: 

T (l U-[B li ,V) = 0, (14) 



where U G A is an unknown differential form and B^ satisfies fljj). There 
are three things to be said about this system of equations. 

The first. The equations (14) are invariant under the gauge transforma- 
tion 

U -> S^US, B^ -> S^B^S - S^T^S, S G Spin v . 
The second. From (|14]) we may get the following equalities: 

T„(T U U - [B u , U]) - T U (T^U - [B^ U)) = 0. (15) 

If U G A satisfies (|b§), then U also satisfies (0). Hence equalities ( pT5[ ) can 
be considered as necessary conditions for the existence of a solution of the 
equations flH|). We see that equalities ( |T5D are equivalent to the equalities 
(|10D, which are valid for any U G A. 

The third. If C/i and U 2 satisfy (|i~4"D , then UiU 2 and U\ + £/ 2 also satisfy 

(PD- 



5 Equations for the electron on Riemannian 
manifolds. 

In we prove that in Minkowski space the Dirac equation for the electron 
can be written as a tensor equation (the tensor Dirac equation). Now we 
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present the following system of tensor equations on Riemannian manifolds, 
which can be considered as a generalization of the tensor Dirac equation: 

dx^(T^ + mia^ + ^B^) + HI = 0, 

YpH = [Bp, H], T M I =[£?„,/], (16) 

H 2 = l, I 2 = -l, [H,I] = 0, 

where 

teA™, JgA 2 , He A 1 , a fl eA°T 1 , 6 A 2 T b (17) 

m > is a real constant, and B^ satisfies (|12"D. We suppose that in ([IB] ) the 
differential forms H, I are unknown and the tensors a M , -B^ are known. 

Theorem 3. The system of equations (TJ^j is invariant under the gauge 
transformation 

*->ttexp(A/), a M ^cv-«9 M A, {H,I,BJ^{H,I,BJ, (18) 
where A = A(x) G A and exp(AI) = cos A + / sin A. 

Proof. Denote S = exp(AJ). We have 

T„S = (T /t /)sinA + /9 At A(cosA + /sinA) (19) 
= [B^IjsinX + SId^X 

Multiplying the first equation in C[X6f) from the right by S and denoting 
M/' = \&S, W e obtain 

dx"(T^' + + a M J + S^B^S)) + m^7# = 0. 

If we substitute T^S from (|1|) to this equation, then we get 

-S^T^S + a^I + S-'B^S = (a„ - 8^)1 + B, L . 

This completes the proof. 



Theorem 4. The system of equations (|Iq ) is invariant under the gauge 
transformation 

(20) 

where S G Spin v . 

The proof is evident. 
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6 The conservative law and the Lagrangian. 

With the aid of the 1-form H we define the operation of conjugation 

U = HU*, U 6 A. 
Lemma . Suppose H, I, a M , are chosen as in ( tT/f) and 

L = tf*(da^(T M tf + #ia M + ^B^) + m&HI). 
Then the conjugated differential form L can be written as 

1 = ((T„* - a M /^ - B,^l )dx fl - ml#f 

Proof is by direct calculation. 

Theorem 5. Let ^,H,I,a^B^ satisfy ([HJ>,(|I7]) and f = Tr(^dx^). 
Then 

d fl (V=gj»)=0. (21) 

The identity ( Ell ) is called a conservative law for the equation (0). The 
vector j 1 * is called a current. 
Proof. It can be checked that 



Tx(H(L + L*)) 



V~9 

For a solution of the equation (|TBp we have L = and so we obtain the 
conservative law fl2ip. This completes the proof. 

Let us define the Lagrangian (the Lagrangian density) from which the 
main equation ( ]I5D can be derived 

C = Tr (y/^gH LI) 

= Tr(v^^(rf^(T M ^ + mia^ + ^B^I - m^H) 

Note that this Lagrangian is invariant under the gauge transformations (|T8|) 
and (|3). 

Using the variational principle |J we suppose that in the Lagrangian L 
the differential forms \I/ and ^ are independent and as variational variables 
we take 8 functions which are the coefficients of the differential form ^ . The 
Lagrange-Euler equations with respect to these variables give us the system 
of equations, which can be written in the form ([16]). 
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7 The operators <f, 5, T. 

With the aid of Clifford derivatives one can define three differential operators 
of first order, which map A into A. By definition, put 

dV = dx^AT^V, 
TV = dx^T/jV, 
5V = dV-TV, 

for V G A. Some of the properties of these operators are listed below. 

• d : A k -> A fc+1 ; 

• d 2 = 0; 

• d(U A V) = dU A V + (-l) k U A dV, U G A fc , V G A; 

• 5 : A fc -> A fc - X ; 

• 5 2 = 0; 

• <J?7 = *d*?7, C/ G A; 

• T : A fc -> A^ 1 © A fc+1 ; 

The operator d is called the exterior differential (or generalized gradient), 
the operator T is called the Clifford differential, and the operator 5 is called 
the generalized divergence. 

8 The Maxwell equations and QED equa- 
tions. 

It is well known that the Maxwell equations on Riemannian manifolds have 
the form 

dA = F, 5F = aJ, (22) 

where A = a^dx^ G A 1 , F = \f^ v dx^ Adx u G A 2 , J G A 1 , and a is a constant. 
Using the properties d 2 = 0, 5 2 = we get from (p2|) that 

dF = 0, 5 J = 0. 
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If we consider the Lagrangian 



£■ Maxwell — T^{s/~9 F 2 ) — — — yf—Q f/xuf^ 

and take as the variational variables a», then we obtain the equations fl2"2] 



Now we can join the systems of equations ([Ty) and fl22|) and obtain the 
system of equations 

dx^{T^ + + AVI + m^HI = 0, 

T,H=[B„H], T,I=[B„I], (23) 
H 2 = l, I 2 = -l, [H,I}=0, 
dA = F, 5F = a J, 

where J = = ^ff^* = j^dx^, j M = Trfifdx^), and conservative law 
(|2~TD can be written with the aid of 1-form J as <5J = 0. 

In the system of equations (|23|) we consider the differential forms 



ty, H, I, A, F as unknown and the tensor 5 M as known. 

Physical interpretation. We suppose that the system of equations (p3|) 
describes the local interaction of two physical fields. Namely the field of 
matter H, 1} (which is identified with the wave function of the electron) 
and the electromagnetic field {A, F}. So the equations ( p3| ) is QED equations 
with presence of the gravity field {B^, C^ u }. 

Let us define the differential operators of the first order which act on 
tensors from AT r 

v ft u = r li u-[B fl ,u] 

and put 

V = dx^V^. 

Using the operators the gauge transformation — ► S~ 1 B fM — S~ 1 T fJj S, 
S G Spin v can be written as 

Bp-* Bp- S^VpS, S G Spin v . (24) 



13 



and the equations (|23|), together with the (|T2|), can be written as 

+ AVI + BV + m^F7 = 0, 



1 



= 0, D„I = 0, 



H 2 = l, I 2 = -l, [tf,I] = 0, (25) 
dA = F, 5F = aJ, 



where a is a constant, F = dx^B^, and J = W = 



Theorem 7. The system of equations is invariant under the gauge 
transformations 

y^VS, H^S^HS, I^S^IS, Bp — >■ S~ l BpS — S^T^S, 
{A, F, C MI/ ) (A, F, C M „) 

and 

* _> *exp(A/), A -> A - dA, /, F, C^) -> (F, J, F, C^), 

wnere 5 G Spin v and A G A . 

A proof follows from the theorems 3,4,6. 

We suppose that in the system of equations (EH) the forms 
H, I, A, F, Bp are unknown and the forms C^ u (the curvature tensor) are 
known. As a gravity Lagrangian we may take Einstein-Hilbert Lagrangian 
\J—g R, where R is the scalar curvature. Also, there is an interesting pos- 
sibility to try to describe a gravity field using Lagrangian Tr(-y/— g C lu/ C (iV ) . 
Further development for this part of the model is needed. 



9 Equations in Minkowski space. 

Let us suppose that Riemannian manifolds V under consideration is such 
that in coordinates x M the metric tensor has the form 

IMI = ||<T || =diag(l, -1,-1,-1). 
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So we may consider this Riemannian manifolds as Minkowski space admitting 
only Lorentzian changes of coordinates. Let e M be basis coordinate vectors 
and e M = g^ u e u be basis covectors. Differential forms ■hu fll _ f j ik dx fl1 A. . .Adx^ k 
can be written as the exterior forms 

In Minkowski space T a ^ v = and 

r^v = d„v, v e a. 

The curvature tensor R^ va p = 0. The tensor G A 2 Ti is such that 

d,B y - d v B„ - [S M , B u ] = 0. (26) 
The solutions of this equations are 

B„ = U-%U, C/GSpin(l,3). (27) 
By the Theorem 2, the covector 

£?; = S-'B^S - S-'d^S = (US)~%(US) 

also satisfy (p6|) . 

Now we may consider the system of equations ([16]) in Minkowski space 

e»{d^ + mia^ + ^) + mm HI = 0, 
^#=[£^,#1, a M /=[B M ,J], (28) 
H 2 = l, I 2 = -l, [H,I}=0, 

where * G A cvcn , I e A 2 , H £ A 1 , a M G A T 1; and 5^ G A 2 Ti satisfy 
(27|). According to the Theorem 4, the system of equations (p8|) is invariant 
under the gauge transformation fl2"0|) which depends on an exterior form 
S = S(x) G Spin(l,3). 

The equations (|2"8"| ) are the new form of the tensor Dirac equation with 
a Spin(l, 3) gauge symmetry in Minkowski space. A wave function of the 
electron is identified with the full set {^>,H,I}. 

If we take S = U~ x , then the gauge transformation (pOD has the form 

m^m' = mS, H -> H' = S^HS, /—>/' = S^IS, 5 M ^0, a M -> a M 
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and the system of equations ( [28] ) is identical to the tensor Dirac equation [|TJ 

e»{d^' + V'l'a^ + m^'E'V = 0, 

d,H> = 0, dpi' = 0, (29) 

(H') 2 = l, (/T = -l, [H',I') = 0, 

This system of equations is invariant under the global transformation 

^'^^V, H'^V^H'V, I'^V^I'V, a^a,. 

where V G Spin(l, 3) and d^V = 0. 



10 A geometrical interpretation of the model. 

Let Ai be a four dimensional differentiate manifolds and let V = 
be the Rimannian manifolds with Levi-Civita connection T x fJiU , with the co- 
variant derivatives V M , with the Clifford derivatives Y^, and with the curva- 
ture tensor Rap^y defined in previous sections. Suppose that a new structure 
on V is given. Namely the afline connection T x ^ v . We get definitions of the 
covariant derivatives V^, the Clifford derivatives T^, and the curvature ten- 
sor R a /3^u, replacing r A M „ by r A M!/ in the corresponding definitions in previous 
sections. We suppose that the afline connection T x ^ v is metric compatible 

= o, v K <r = o. 

It is convenient to introduce the tensor 

K x = f A - r A 

which we, following ||, will call contorsion. It is easy to see that the afline 
connection is metric compatible iff K Ufl \ = —K XfMU . Torsion is expressed via 
contorsion as 

T A = K x — K x 

Conversely, the contorsion of a metric compatible connection is expressed via 
torsion as 

^A /T'A i rri A i rri A \ 



I£ fiu 2 ( A 1 ^ J H u I f A 1 ' 
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(see §, formula (7.35)). 

So we arrive at the affine space {Ai, g^v, K x ^ u }. Let us define the tensors 

b a /3^ = —-Kan/3, 

Bf, = h a ^dx a A dx 13 G A 2 T 1; 
C Mi/ = -R a ^ u dx a A da^ G A 2 T 2 . 
Theorem 8. If Z7 G A, then 

Proof follows from the formula 

K\ x dx x = [B^dx u ], 
which can be easily checked. 

Theorem 9. (F.E.Burstall, A.D.King, N.G.Marchuk, D.G.Vassiliev) The 
following equality holds 

Y ' tiB v — T U B^ — [Bp, B u ] = 

iff 

Proof. Suppose that the tensors q a py,v and R a piw are sucn that 



\q a ^udx a A dx* = T^B U - T U B^ - [B^ B v ) - \c t 

and 



2 ~1 ^j-iybts ■ ■ — — it — c — l — 7 — ^ J 



p n ( r> F K ft V K _l_ F K F^ F K f"? "1 

J^oipfiv y Kay-' fi L v\ Ui/L ~r J- ^tr; 1 ^A 1 z/r; 1 /iA j 

Then it can be easily checked that 
This completes the proof. 
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This theorem leads us to the conclusion that the equations ( |25|) can be 
considered as equations in the flat affine space (Rap^ = 0, £> M = T^). 

Postulate (The flat affine field model of gravitation). We suppose that the 
physical space-time is a Bat affine space such that 

(i) The metric tensor g^ u satisfies conditions of the first section. 

(ii) The affine connection is metric compatible and defined via contor- 

sion K x ^ v or, equivalently, by B^. 

(iii) The affine connection curvature R a p^v = 0. 

Then the gravitation field is the pair {B^, C^}, where B^ is identified with 
a potential of gravity and C^ v is identified with a strength of gravity. 
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